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Abstract- In this study, an integrated mathematical model is developed to simulate the updraft velocity and temperature of
airflow inside a small-scale solar updraft power generator. The model is derived for axisymmetric and inviscid flow conditions
where the kinetic energy of the airflow is extracted by using a wind turbine generator. A numerical model based on energy
balances at the component level of a small-scale solar updraft power generator is proposed and validated with existing
experimental data. The applicability of heat transfer correlations is assessed through computed Rayleigh and Reynolds numbers.
All correlations maintain a fast convergence and remain in their range of validity throughout the iteration. Simulation results
further reveal that heat losses at the edge of the collector have significant effects and play an important role in both updraft

velocity and temperature of airflow. About 3 W/m? of heat loss to the edge of the collector was obtained from simulation result.

The comparison between simulation and experimental data demonstrates that both results are in good agreement.

Keywords Heat transfer, solar collector, power generator, wind turbine, aerothermal, solar updraft.

1. Introduction

The solar updraft power generator is a renewable energy
technology that utilizes solar radiation to create artificial wind
for generating electricity [1]. It consists of 3 main
components: collector, tower and wind turbine [2]. In the
pursuit of increasing total efficiency of the solar updraft power
generator, a reliable and simple mathematical model is an
essential factor for studying the solar updraft power generator
[3,4,5]. The performance of the solar updraft power generator
can be predicted by using the developed mathematical model

[6,7]. Its efficiency can also be improved by exploiting the
developed model through a parametric study [8,9]. This
includes examining the effects of solar updraft power
generator’s geometry such as collector radius, tower diameter
and tower height along with ambient temperature conditions
[10,11]. Some hybridisation concepts were also introduced
such as using the hybrid transpired solar collector that consists
of PV panels and a transparent collector [12,13]. An increment
of 2% of efficiency from a stand-alone PV system was
obtained for a hybrid solar updraft power generator.
Furthermore, integration of solar PV and solar collector to
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form a hybrid solar updraft power generator was also explored
in [14,15].

Developing a highly accurate model is often avoided due
to the complex process involved in deriving the mathematical
model. The computational fluid dynamic (CFD) simulation
can also predict the performance of a solar updraft power
generator [31] however, it requires a further step in converting
the velocity, pressure and temperature distribution into
mechanical power produced by the turbine [16,17]. Despite
the recent advances of computing capability in numerical
simulations, a simple and traceable mathematical model
remains the first choice in studying the energy balance
mechanism of a solar updraft power generator.

The ability to reveal and track the complex energy
transformation within the solar collector is one of the main
purposes for developing a mathematical model. By knowing
the mechanism of energy transformation at the solar collector,
a parametric study can then be performed to maximise its
efficiency. Enhancing efficiency at the collector level and at
the tower level will contribute to the overall efficiency of the
solar updraft power generator. Therefore, the current work
developed a traceable and simple mathematical model of a
small-scale solar updraft power generator to provide
numerical tools for improving its efficiency.

The present work has objective to develop an integrated
mathematical model in assessing the aerothermal
characteristic of solar updraft power generator. To
comprehensively address the research objective, the
framework as illustrated in Fig. 1 is applied.

Mathematical model

*Flow model at the collector region
*Flow model at the tower region

*Flow model at the wind turbine region
eIntegrated thermal network model

A

y

Numerical simulation

*Simulated updraft velocity

*Simulate updraft temperature
*Applicability of heat transfer correlations

No match

Compare result
with
experiment

Validated model

Fig.1. Flowchart of the applied framework.

2. Mathematical Modelling
2.1. Governing equations

The fundamental governing equations of fluid dynamics
(such as continuity equation, momentum equation and energy
equation) are used as the basic equations for deriving a simple
mathematical model. Assumptions employed in the process of
forming the mathematical model includes steady-state,
axisymmetric and inviscid flows. A state equation is also
included in the derivation of the mathematical model to obtain
a relationship between temperature, pressure and specific
volume of the working fluid. The working fluid is treated as
the ideal gas with Boussinesq’s hypothesis which deals with
the buoyancy force.

The fundamental governing equations are then simplified
by using the aforementioned assumptions and the results are
presented in Table 1 [18]. The simplified fundamental
governing equations along with the ideal gas equation are
applied to develop the mathematical models at the solar
collector. The momentum and energy equations are utilized to
obtain the model of working fluid at the tower region where
the relation between pressure drop and harvested mechanical
energy is established.

Table 1. Various Input Parameters for Simulation.

Fundamental Equations Simplified Equations
o . 10
Continuity equation e U, = (1
. ou, 0Jp

Momentum equation Ty~ = 2
q P or T or 0 @
. oT 0q

Energy equation pUrCy = + el 0 3)

State equation p = pRT 4

2.2. Flow Model at the Collector Region

To derive the mathematical model at the collector region,
a cross-sectional model of flow inside the collector is
examined. A cylindrical coordinate system (r-6-z) is assigned
at the collector region and the flow is axisymmetric in the z-
axis, as shown in Fig. 2. In this figure, a schematic drawing of
flow passing through a control surface of area dr and dz is
illustrated.

The radial air velocity u, is flowing in the radial
coordinate r with density p. The mass flux passes in the
normal direction per unit time through the collector area A,;.
Therefore, the mass flow rate m inside the collector can be
written as:
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m = purAcol (5)
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Fig. 2. Schematic drawing for derivation of mass flow rate
equation.

To enforce the axisymmetric flow condition, the
collector’s differential height dz must be multiplied with the
circumference of the collector’s cross-sectional area 2mr.
Integration of the collector’s differential height from z = 0
(ground surface) to z = & (collector height) provides the
following expression of the collector area:

Acor = 2mrhey (6)

The next step in deriving the mathematical models at the
collector region is to obtain an expression of temperature
equation. This equation will describe the airflow temperature
(T) profile along the radial direction as a function of the
collector radius. The simplified fundamental energy equation
is employed to develop the temperature equation from a cross-
sectional model of airflow, as shown in Fig. 3.

pu, (2nrdz)c,T +

aT
pu,(2nrdz)cy, ™ dr

L L L L L L L L L L L L T L L

dg(2nrdr)

Fig. 3. Schematic drawing for derivation of temperature
equation.

In this figure, two heat fluxes are involved in the modelling
process: i.e., radiation heat flux and airflow heat flux.
Radiation heating is modelled as infinitesimal heat flux dg
given to the airflow. Thus, the differential airflow will gain
energy in the form of heat flux pu,c,T across the radial

direction. The energy balance of this process is written in the
form of the power balance equation as:

aT
—pu,(2nrdz)c, Edr = dq(2nrdr) @)

Imposing the axisymmetric condition to the temperature
equation requires the collector’s differential height dz to be
multiplied by the circumference of the collector’s cross-
sectional area 2mr. Integration is performed with lower and
upper boundaries, respectively, as z = 0 and z = A
Furthermore, the normal surface for radiation heat flux is
assigned as 2rrrdr due to the upward convection process from
the ground to the airflow.

Five physical parameters appear in Eq. (7): airflow
temperature 7, density p, radial velocity u,, specific heat
capacity ¢, and radiation heat flux q. The airflow temperature
profile can be obtained by further simplifying Eq. (7) where
integration and some cancellation terms are performed. The
result of integration is given as:

— dq 2 _ 2
To(r) =To, + m_cpr[(rcol —-7?) (®)

Eq. (8) represents the airflow temperature distribution
along the radius of the collector where ambient air temperature
T,,, serves as the initial condition. This equation is also the
function of mass flow rate m and radiation heat flux q. The
airflow temperature profile extends from the outer radius 7,,;
to the variable inner radius of collector 7.

2.3. Flow Model at the Tower Region

To derive the mathematical model at the tower region, a
cross-sectional model of the flow inside the tower is
examined, as shown in Fig. 4. In this figure, the airflow is
moving upward in the z-axis of the tower. The heated airflow
from the collector will rise inside the tower and be released to
the atmosphere due to its buoyancy forces. The hot air inside
the tower is less dense than the cold air in the atmosphere, thus
creating a continuous updraft flow as long as there is a density
difference. This density difference is expressed as
Boussinesq’s fluids which relates to the change of airflow
density with the change of airflow temperature. From the
boundary layer equation, the change of airflow temperature
has a relation with the pressure gradient. Therefore, the
updraft velocity inside the tower can be expressed in the form
of temperature differences between airflow inside and outside
the tower.

The updraft flow inside the tower is moving in the positive
z-axis and the gravity acts in the negative z-axis. It is essential
to include gravitational force in the mathematical model since
it cannot be neglected from the momentum equation. This
gravitational force is expressed as pgdz in Fig. 4. Since the
flow is assumed to be inviscid, the viscous force expression is
neglected in Fig. 4. Only inertia and buoyancy forces are
included in the modelling process.
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Therefore, the net moment flux of airflow inside the tower
can be expressed as:

du, op,
puzgdz= p—(p+6—pzdz) — pgdz )

du,
puzu, + puzgdz

puzu; P

Fig. 4. Schematic drawing for derivation of updraft velocity
equation.

The tower inlet in Fig. 4 is also referred to the collector
outlet. Thus, Eq. (9) can be viewed as a pressure balance
equation at the collector outlet with those at the tower inlet.
However, the expression for pressure distribution along the
tower height requires further elaboration. The convection
process inside the tower is modelled as free convection and by
using the Boussinesq’s approximation [19] it can be written as
follows:

d
£ = —Pr=1,9 (10)

Eq. (10) portrays the pressure gradient along the tower
height. In this equation, the pressure difference can be
represented by the density difference at two different values
of temperature. By substituting Eq. (10) with Eq. (9) and
integrating along the tower height, a solution for updraft
velocity u, can be obtained. The result of the integration
process is presented as:

T, —T,
u, = \/z‘g%hww (11)
Ao

Eq. (11) illustrates the updraft velocity at the tower inlet or
collector outlet. Similar expression of the updraft velocity
equation is also found in [20,21]. In this equation, the updraft
velocity is the function of temperature differences between
airflow inside T, and outside the tower T, . The updraft
velocity is also a function of the tower height h;,,, where a
higher tower will produce a higher updraft velocity. It is a

challenge to construct an ultra-high tower since it is limited by
structural capability, although some efforts are being made to
analyse the feasibility of building an ultra-high tower for the
solar updraft power generator [22]. An alternative strategy to
increase the updraft velocity is by enlarging the temperature
differences of airflow and ambient air. This can be realised by
providing a great amount of heat, not just limited from
radiation heating, but also from other sources such as
geothermal [23], biomass [24,27], molten salt [28], PCM [29]
and water-storage [30].

2.4. Flow Model at the Wind Turbine Region

In this section, the mathematical model of a wind turbine
is derived from the fundamental momentum equation and
actuator disk theory [25]. The wind turbine produces electrical
energy from the conversion of kinetic energy into mechanical
energy. Extraction of kinetic energy from the updraft flow
slows down the airflow velocity. This process is modelled as
a stream-tube (shown in Fig. 5).

In Fig.5, a stream-tube represents two conditions of
airflow: affected and non-affected areas. This stream-tube is
created by airflow passing through the turbine blades. It
creates a boundary portraying both affected and non-affected
areas with respect to the mass of air. When the airflow velocity
slows down, it is referred to as the affected area. Undisturbed
airflow velocity refers to the non-affected area and thus, the
velocity remains the same with those flowing in the tower
region. The stream tube can be classified into three regions:
the collector, rotor and tower region. In this work, a single
wind turbine was selected to be installed at the rotor region.

Tower region

Artlt-prut_
Urot = Ur — U Rotor region

+
Arclt + Prot

Ur, Aol Peal Collector region

Fig. 5. Schematic drawing for derivation of mechanical
power equation.

The amount of airflow velocity from the collector u: is
reduced by a velocity deficit u due to the extraction of its
kinetic energy. Thus, the differences between u-and u become
the airflow velocity at the rotor region. Similarly, the pressure
at the collector region drops when it passes through the turbine
blades. The mechanical power extracted from the airflow is a
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function of the velocity deficit. In non-dimensional form, it
can be written as inflow coefficient a. This inflow coefficient
is obtained by normalising the velocity deficit with airflow
velocity from the collector. Mathematically, the mechanical
power can be written as a function of the coefficient of power
Cp as:

-G (12)
- 2p2 a0t

The coefficient of power Cp has a relationship with the
coefficient of thrust Cy:

Cp=Cr(1—a) (13)
The value of Cy is given by the actuator disk theory as:

Cr=4a(l—-a) (14)

The value of the inflow coefficient depends on the
aerodynamic performance of the turbine blades. However, its
suitable value can be obtained by performing a numerical
parametric study. The result of such a study has found that a
value of approximately 2/3 is a suitable choice of inflow
coefficient for a solar updraft power generator system [8].

2.5. Integrated Thermal Network Model

To incorporate the velocity and temperature equations at
the collector and rotor regions, a thermal network is proposed,
as shown in Fig. 6.

conv -1
hcaver —airy,
Yloss
. -1
conv
hcnver —air
. -1
rad
ioss hplate —cover
conv -1
h air—plate
— —
Uloss

Fig. 6. Thermal network model for small-scale solar updraft
power generator.

The thermal network model provides energy balance
equation at three different locations: i.e., the plate, airflow and
cover. A similar model can also be found in [32]. Two heat
transfer modes are selected to model the heat exchange
between the plate — airflow, airflow — cover, plate — cover and
cover —ambient air. Radiative heat transfer occurs during the
heat losses from the plate to the cover while the remaining heat

exchanges between the plate, airflow, cover and ambient air
are modelled as convective heat transfer. The heat losses from
the edge of the collector to ambient air were also considered
in the thermal network model. The energy balance equation
for each evaluation points are presented in Table 2.

Table 2. Heat balance equation at each evaluation point.

—he2a, (Tc - Taoo) +heZe (To = To)
Collector + (15)
24 (Ty = Te) = Gioss = 0

—hem (T, — T.) + heow (T, — T,) +

Airflow (16)

anin —ioss = 0
—he (T, — T,) — hy34(T, - T,) —
Gross = 0

Plate 17

The heat transfer between cover and ambient air is
modelled as free convection process and it is characterised by
Nusselt number Nu [26]. The Nusselt number value depends
on the Rayleigh number Ra where two correlation functions
are used, as presented in Egs. (18) and (19), and the Prandtl
number is denoted as Pr.

Nu Sor (18)
= 0.54Ra(T,, T, )" 10* < Ra < 107, Pr

> 0.7
Nu for (19)

1/3
= 0.14Ra(T,, T,_) 107 < Ra < 10'%,all Pr

A forced convection process is selected to model the
convective heat transfer between the plate—airflow and the
cover—airflow. The forced convection process is characterised
by the Nusselt numbers and correlated via the Reynolds
number Re. The heat losses from the plate to the airflow is also
modelled as a forced convection process. The flow region
consists of the laminar and turbulent regions depending on the
Reynolds number. Two correlation functions are used in the
current work, and they are presented in Egs. (20) and (21).

Nu Laminar flow

2VReVPr (20)

for Re <5Xx

CVER(L+ L7PrY4 4+ 2136PDYe o5 o py
Turbulent flow

Nu for 5x10°<
Re < 107,

_ 0.037Re®®Pr(T,)
"1+ 2443Re~91[Pr(T,)?/3—1] and

6x10"t < Pr
<2x10%

21)

Lastly, the heat exchange between the plate and cover is
modelled as radiative heat transfer where two infinite parallel
surfaces exchange infrared radiation.
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2.6. Numerical Simulation

The heat balance equations are then transformed into a
matrix equation. They consist of heat flux matrix, temperature
matrix and heat transfer coefficients matrix. Each matrix
contains unknown parameters, such as the temperature profile
along the radius of the collector and updraft velocity. The heat
transfer coefficients are also the functions of temperature and
updraft velocity. In addition, the heat transfer correlations are
in nonlinear forms. Thus, in order to solve the equation, an
iterative approach was implemented. The iterative algorithm
to solve the heat balance equation is presented in Fig. 7.

. T
Initial Guess of
71 Temperatures and
Mass Flow Rate

l(—

Calculate
Thermal
Properties

)

Input meteorological,
optical, geometrical,

and computational
parameters

Solve for
Temperature and
Mass Flow Rate

Error
<

Tolerance ?

Time Step
= Max.
Time Step ?

Print Results

Fig. 7. Flow chart of the developed computer program.

The code was first written in the MATLAB environment
and then used to simulate the aero-thermal characteristic of a
small-scale solar updraft power generator.

A set of meteorological and optical data must be provided
before conducting the simulation. The geometrical data such
as the collector radius, tower diameter and height are also
required in the simulation process. Examples of
meteorological data include ambient air temperature and
plate’s surface temperature as replacements of solar radiation
data. Optical data includes transmissivity, absorptivity and
emissivity of plate and cover. A summary of geometrical and
optical data used in the simulation is presented in Table 3.

Table 3. Geometrical and optical data for simulation

Parameter Value
Collector radius 0.5m
Tower diameter 0.1m

Cover absorptivity 0.04
Aluminium plate emissivity 0.09

3. Results and Discussion

A numerical simulation to predict the aero-thermal
characteristics of a small-scale solar updraft power generator
is discussed in this section. The experimental model of the
solar updraft power generator used in the current work is
shown in Fig. 8. In this figure, a collector, aluminium plate
and tower were combined to form a small-scale solar updraft
power generator. The collector and the tower are made from
poly(methyl methacrylate), also known as acrylic glass. A heat
source consisting of an electrical heating element was placed
beneath the aluminium plate and surrounded by isolator
material to allow heat to only flow in the upwards direction.
The heat was then absorbed by the aluminium plate where its
temperature was recorded to be used in the numerical
simulation.

Location of 3¢ sensor

Location of 2°dsensor

Location of 1%¢

sensor

Fig. 8. Schematic diagram of experimental model.

In order to measure the updraft temperature and velocity,
two sensors are employed in the experimental work. The first
sensor is thermocouple placed on the centre of the aluminium
plate to measure the plate’s surface temperature. The second
sensor is thermo-anemometers installed at the turbine region
and the top of the tower. The sensors at the turbine region are
used to measure the updraft temperature and velocity of the
airflow, while the sensor at the top of the tower is used to
measure the velocity and temperature of the exit updraft flow.
The measurement was performed for 60 minutes and the data
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were sampled every 1 minute. The collected data were then
compared with those from the simulation results.

3.1. Simulated Updraft Temperature and Velocity

The updraft temperature and velocity are simulated by
solving Eqs. 15-17 using the developed computer program.
Simulations were carried out for time step 1 to 60 minutes.
Since the updraft temperature and velocity of the airflow are
influenced by the heat losses to the environment, the
simulations were performed for five different values of heat
loss, starting from 1 W/m? to 5 W/m?.

®
(=]

w N % <) ~
o (=1 o (=1 o

Updraft temperature [°C]

N
(=]

—
(=]
T

o

0 10 20 30 40 50 60

Time [min]
o= q-loss =1 W/m2 === g-loss =2 W/m2====g-loss =3 W/m2

=== g-loss =4 W/m2 g-loss =5 W/m2 O Experiment

Fig. 9a. Simulated and experimental updraft temperature.

Updraft velcoity [m/s]

0 10 20 30 40 50 60
Time [min]

e (-loss = 1 W/m2 === g-loss =2 W/m2 === g-loss =3 W/m?2

=== (-loss =4 W/m2 g-loss =5 W/m2 O Experiment

Fig. 9b. Simulated and experimental updraft velocity

Furthermore, the heat transfer correlation representing
heat losses to the environment are not generally available in
the literature. Hence, as assumed, the magnitude of heat loss
to the environment holds a constant value throughout time.
Fig. 9a shows the simulated updraft temperature for five
different cases of heat loss. It can be seen in this figure that the
small heat loss value produces an overestimate result of
updraft temperature, in particular for 1 W/m? and 2 W/m?2. On
the other hand, a large heat loss value yields an underestimate
of updraft temperature numbers. An optimum heat loss value
was found to be approximately 3 W/m?.

In the case of simulated updraft velocity, a similar situation
was observed where an optimum value for heat loss is around
3 W/m? The simulated and experimental results of updraft
velocity are presented in Fig. 9b. In this figure, the updraft
velocity was simulated for five different heat loss values.
Overestimation of updraft velocity was also observed for the
series of low heat loss values. The series of high heat loss
values yielded an underestimate of updraft velocity numbers.
A consistent result was obtained for both the updraft
temperature and velocity. Therefore, the developed
mathematical model can predict the aero-thermal
characteristic of airflow inside a small-scale solar updraft
power generator.

3.2. Applicability of Heat Transfer Correlations

In order to examine the validity of heat transfer
correlations, a numerical parametric study was performed.
The purpose of this study is to closely examine the
applicability of heat transfer correlations used in the numerical
simulation. This study is essential since all heat transfer
correlations employed in the current work are based on
empirical relations that have their range of validity. Two non-
dimensional numbers characterise the employed heat transfer
correlations: the Rayleigh number and the Reynolds number.
The study was conducted by assessing these two non-
dimensional numbers throughout the simulation process. A
numerical simulation to calculate the updraft temperature and
velocity was performed for time steps 1 to 60 minutes. For
each time step, the Rayleigh and the Reynolds numbers were
assessed, and the results are presented in Figs. 10.

Fig. 10a shows the simulated Rayleigh numbers where
their values influence the Nusselt number. The Nusselt
number correlation, as in Eqs. 18 and 19, was used to
characterise the heat transfer between the cover and ambient
air. The Nusselt number was correlated for two regions of the
Rayleigh numbers where Equation 18 was applied for 10* <
Ra < 107 and Equation 19 was applied for 107 < Ra <
1011,

The simulated Rayleigh numbers in Fig. 10a indicate that
they were computed in their valid range, although some
fluctuations were observed in the beginning of iteration. It was
also observed that the computed Rayleigh numbers switched
during the iteration process before attaining a convergence
value. The switching Rayleigh numbers illustrate that a lower
range of Rayleigh numbers was used in the beginning of

1661



INTERNATIONAL JOURNAL of RENEWABLE ENERGY RESEARCH

H.Hafizh et al., Vol.10, No.4, December, 2020

simulation and after approximately 5 minutes, a higher range
of Rayleigh numbers was employed in the simulation process.

1.E+10

VA
! Nu=0.14Ra(T,T,,) i
| for107 < Ra < 10%° |
! i
! i

i

1.E+09

1.E+08 |

Switching
of Nusselt
numbers

1.E+07

1.E+06

Rayleigh number (cover — ambient air)

Nu = 0.54Ra(T,,T,,)""*
for 10* < Ra < 107

1.E+05 |

,,,,,,,,,,,,,,,,,,,,,,,,

1.E+04

Iteration number

Fig. 10a. Computed Rayleigh number

1.E+05

1.E+04 | .
time

60 min

1L.E+03 |

1E+02 |

1 min

Laminar forced convection

]
2VReVPr |

Reynolds number (cover — airflow)

T Vm(1 + 1.7Pr1/% 1+ 21.36Pr)1/6

LE+01 | . Nu
i for Re <5x105and 0 < Pr < o

1.E+00

Iteration number

Fig. 10b. Computed Reynolds number

Fig. 10b presents the computed Reynolds number during
the simulation process. The associated Nusselt number in this
figure was applied to characterise the heat transfer process
between the plate — airflow and cover — airflow. Two heat
transfer correlations were prepared for the simulation process
(Egs. 20 and 21). The two correlation functions were used for
laminar and turbulent flow conditions. Based on the computed
Reynolds number, it was found that the flow stays in the
laminar condition throughout the simulation time.
Nevertheless, the computed Reynolds number remained in its
range of validity.

4. Conclusion

In this study, a mathematical model of a small-scale solar
updraft power generator was proposed where the energy
balance equations from the thermal network model were

solved using the developed computer program. The simulation
results were validated by comparing the simulated updraft
temperature and velocity with those from the experiment. It
was demonstrated that both results are in good agreement with
the inclusion of heat losses model. Simulation results
demonstrated how the heat losses at the edge of the collector
play an important role in the accuracy of calculated results.
The suggested value of heat loss for a small-scale solar updraft
power generator model is approximately 3 W/m?.

The applicability of heat transfer correlations employed in
the simulation was discussed and assessed through computed
Rayleigh and Reynolds numbers. It was found that both
Rayleigh and Reynolds numbers were in the valid range
throughout the iteration process. The potential future
application of the proposed method would be a tool that
manages to evaluate the amount of generated power by a solar
updraft power generator. It can be concluded that the
developed model has the potential to serve as a numerical tool
in helping researchers predict the aerothermal characteristics
of a solar updraft power generator system.
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